A setting of a trivairate survival function using semi-competing risks concept is proposed, in which a terminal event can only occur after other events. The Stanford Heart Transplant data is reanalyzed using a trivariate Weibull distribution model with the proposed survival function.
Introduction
Fine, Jiang and Chappell (2001) introduced the term "semi-competing risk" in which one event censors the other but not vice versa. In their article, the bivariate Clayton survival function was used to demonstrate the concept. Even before them, Li (1997) has worked on the same concept using the bivariate Weibull survival model by Lu et al (1990) . In his dissertation, Li described the censoring event as "termination event" and, as did Fine et al (2001) , the bivariate survival function was divided into two components with lower wedge and upper densities. Epstein et al (1996) , Shen et al (1998) , and Dignam et al (2007) worked on the likelihood function of a bivarirate survival model with four types of censoring events. Different from those authors, in this article, a trivariate survival function for semi-competing risks with two-fatal and one non-fatal events is first constructed and then followed by the likelihood function.
In Section 2, the Stanford Heart Transplant Data is reconstructed for the analysis of semi-competing risks. In Section 3, the trivariate Weibull survival function is proposed followed by the likelihood function. Section 4 shows the results of the analysis of the data. Finally, the article is concluded with some discussion in Section 5.
Data Structure
The Stanford Heart Transplant Data has been analyzed by Aitkin et al (1983) using the Weibull, lognormal, and piecewise exponential models with the consideration of pre-transplant and post transplant survival. They also surveyed the literature of analyzing the same data. In addition, the same data was studied by Miller et al (1982) using four regression techniques. The analyses by Noura (1990) and Loader (1991) are to find the change point of the hazard rate.
The Stanford Heart Transplant Data analyzed in this study is from the article by Crowley et al (1977) in which they denote T 1 the date of acceptance to the study, T 2 the date last seen, and T 3 the date of transplantation. T 2 is less than or equal to the last day of the data collection or the last day of the study which was April 1, 1974 . An individual was to experience three events when the individual was accepted to the study. The 3 events are death before transplant (E 1 ), transplant (E 2 ), and death after transplant (E 3 ). Therefore, E 1 and E 3 are terminal events or fatal events, and E 2 is an intermediate event.
Let X 1 be the time to E 1 , X 2 be the time to E 2 , and X 3 be the time to E 3 . X 1, X 2, and X 3 begin at T 1 and are in days. The three events E 1 , E 2 , and E 3 are competing with each other for the occurrence to each individual. However, these three events must occur in some certain orders. When E 1 occurs first, neither E 2 nor E 3 will occur because E 1 is a terminal event. When E 2 occurs, E 3 may occur later but E 1 will not occur because E 1 and E 2 are defined mutually exclusive. When E 3 occurs, E 2 must occur first because E 3 is the event defined to occur after E 2 . With these orders, an individual must fall into one and only one of the following four cases. First case, an individual experiences E 1 , and, therefore, no possibility for the occurrence of E 2 or E 3 . The individual is said to be uncensored due to E 1 . In this case, X 1 = T 2 − T 1 , and X 2 and X 3 do not exist. Second case, an individual experiences E 2 first, and then E 3 with no occurrence of E 1 . The individual is said to be uncensored due to E 2 and E 3 . In this case, X 2 = T 3 − T 1 , X 3 = T 2 − T 1 , and X 3 does not exist. Third case, an individual experiences only E 2 before the end of the study. The individual is said to be uncensored due to E 2 , and censored due to E 3 . In this case, X 2 = T 3 − T 1 , X 3 = T 2 − T 1 , and X 1 does not exist. Fourth case, an individual does not experience E 1 , E 2 or E 3 before the end of the study. The individual is said to be censored due to E 1 , E 2 and E 3 . In this case, X 1 = T 2 − T 1 , X 2 = T 2 − T 1 , and X 3 = T 2 − T 1 . The original data of Crowley and Hu contains 103 observations. After deleting 3 observations with 0 in X 1 , X 2 or X 3 , and 4 observations of transplant with no mismatch score, there are total 96 observations included in this study.
The Model and the Likelihood Function
The Weibull distribution model is chosen for the marginal distribution of X 1, X 2, and X 3 as the model was adopted by Aitkin et al (1983) and Noura (1990) . In order to study the relation among the three random variables, the following trivariate Weibull survival function is derived using Clayton copula (Bandeen-Roche & Liang, 1996). < , 0 < γ 1, γ 2, γ 3 < , and 1 ≤ θ < . X 1, X 2, and X 3 are independent when θ = 1. One of the features of the Clayton copula is that it allows positive and negative association between the random variables. To account for the effects of covariates, let 1 be the exponential function of age at acceptance and previous surgery, and let both 2 and 3 be the exponential function of age at acceptance, previous surgery and mismatch score. Note that only individuals receiving transplant had mismatch score. The parameters in the proposed trivariate survival model are to be estimated by maximizing the likelihood function. When each of the three events can censor and be censored by other events, the proposed trivariate Weibull survival model is one of the components in the likelihood function. That is the component accounts for individuals of lost-tofollow-up or being censored at the end of the study. However, when semicompeting risks exist with the orders discussed in Section 2, the survival function for individuals censored at the end of the study or lost to follow-up becomes
The detailed derivation is in the Appendix. As did Lawless (1982) , the component in the likelihood for case 1 is the negative derivative of equation (2) with respect to x 1 . The component for case 2 is the derivative of equation (2) with respect to x 2 and x 3 . The component for case 3 is the negative derivative of equation (2) with respect to x 2 . And, the component for case 4 is equation (2) itself.
Therefore, the likelihood function for the proposed trivariate survival function with the four cases is
, ,
where are p, q, and r are event indices and t denotes the survival time.
Results
The estimates and their corresponding 95% confidence intervals of the parameters are in the following The results indicate only the age at acceptance is significantly different from zero at significance level of 0.05 for X 1, X 2, and X 3 while Crowley et al (1977) showed an insignificant result. The covariate previous surgery of X 1, X 2, and X 3 , and the covariate mismatch score of X2 and X3 are both insignificant that agrees to the findings of Crowley et al (1977) , and Noura (1990) . The overall association parameter θ is 1.677 that indicates X 1, X 2, and X 3 are not much correlated.
Conclusions
In this article, the Clayton trivariate Weibull survival model with Weibull marginals is applied to the Stanford Heart Transplant data. Due to the order of the occurrences of the three events, a new formation of the likelihood function is proposed for the three random variables that are allowed for different sets of covariates. The work of this article can be expanded to accommodate more variables.
the individual may experience E 1 only, or E 2 followed by E 3 . Suppose the
